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6-DIMENSIONAL NEARLY KA¨HLER MANIFOLDS
OF COHOMOGENEITY ONE
FABIO PODESTA` AND ANDREA SPIRO
Abstract. We consider 6-dimensional strict nearly Ka¨hler manifolds
acted on by a compact, cohomogeneity one automorphism group G. We
classify the compact manifolds of this class up toG-diffeomorphisms. We
also prove that the manifold has constant sectional curvature whenever
the group G is simple.
1. Introduction
A Riemannian manifold (M,g) is called nearly Ka¨hler (shortly NK) if
it admits an almost complex structure J such that g is Hermitian and
(∇XJ)X = 0 for every vector field X. A NK manifold (M,g, J) is called
strict if ∇vJ |p 6= 0 for every p ∈ M and every 0 6= v ∈ TpM . These
manifolds have been investigated by A. Gray and many others (see e.g.
[6, 8, 12, 13, 14]). The class of NK manifolds includes 3-symmetric spaces
with canonical almost complex structure and it is one of the sixteen Gray
and Hervella’ s classes of almost Hermitian manifolds ([7, 9]). Moreover their
canonical Hermitian connection D has totally skew and D-parallel torsion
(see e.g. [1, 13]).
Recently Nagy proved the following two structure results: a) any NKman-
ifold is locally holomorphically isometric to the product of a Ka¨hler manifold
and a strict NK manifold; b) any complete strict NK manifold is finitely cov-
ered by a product of homogeneous 3-symmetric manifolds, twistor spaces of
positive quaternion Ka¨hler manifolds with their canonical NK structure and
6-dimensional strict NK manifolds ([13, 14]).
Therefore 6-dimensional strict NK manifolds appear to be the interest-
ing manifolds to focus on. Notice also that for any complete 6-dimensional
strict NK manifold (M6, g, J) the structure group reduces to SU3 and the
first Chern class c1(M,J) vanishes. In addition, the strictness condition is
equivalent to being non-Ka¨hler and the metric g is automatically Einstein
with positive scalar curvature. Finally, on simply connected 6-dimensional
compact manifolds there is a bijective correspondence between NK struc-
tures and unit real Killing spinors ([11]).
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All known examples of 6-dimensional complete, strict NK manifolds are
homogeneous, namely the standard sphere S6 = G2/SU3, the twistor spaces
CP 3 = Sp2/T
1 × Sp1 and F1,2 = SU3/T2 and the homogeneous space S3 ×
S3 = SU32/(SU2)diag. Actually, Butruille proved that these space exhaust
the class of homogeneous strict NK manifolds in six dimensions ([3]).
In this paper we address the problem of classifying 6-dimensional strict
NK manifolds admitting a compact automorphism group acting by coho-
mogeneity one. Our first result concerns the classification up to a G-
diffeomorphism of 6-dimensional compact strict (i.e. non-Ka¨hler) NK man-
ifolds of cohomogeneity one .
Theorem 1.1. Let (M,g, J) be a 6-dimensional simply connected, compact
non-Ka¨hler NK manifold and G a compact connected Lie group of isometries
of (M,g) acting by cohomogeneity one. Then, only one of the following cases
may occur:
a) G is SU3 or SO4 and M is G-diffeomorphic to S
6;
b) G is SU2 × SU2 and M is G-diffeomorphic to CP 2 or S3 × S3.
This result motivates the study of cohomogeneity one 6-dimensional non-
Ka¨hler NK manifolds acted on by the groups SU3 and SU2×SU2. Our next
main result concerns 6-dimensional non-Ka¨hler NK-manifolds, not necessar-
ily complete, acted on by a simple group G with cohomogeneity one.
Theorem 1.2. Let (M,g, J) be a 6-dimensional non-Ka¨hler NK manifold.
If a simple Lie group G acts on M as a group of automorphisms of the
NK structure with cohomogeneity one, then (M,g) has constant sectional
curvature and G = SU3.
We will discuss the cohomogeneity one 6-dimensional non-Ka¨hler NK
manifolds acted on by SU2 × SU2 in a future paper.
The structure of the paper is as follows. In Section 2, we give some
preliminaries concerning nearly Ka¨hler structures and cohomogeneity one
Riemannian manifolds. Sections 3 and 4 are devoted to the proof of Theorem
1.1 and 1.2 respectively.
Given a Lie group G, the corresponding Lie algebra Lie(G) will be always
denoted by the corresponding gothic letter g. We will also indicate by B the
opposite of the Cartan-Killing form of a semisimple g. Finally, given an
action of a Lie group G on a manifold M and an element X ∈ Lie(G), the
symbol X̂ will denote the vector field on M corresponding to X.
2. Preliminaries
2.1. Cohomogeneity one actions. Let G be a compact connected Lie
group acting almost effectively and isometrically on a Riemannian manifold
(M,g). The action is called of cohomogeneity one if generic orbits have
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codimension one or, equivalently, the orbit space M/G is one dimensional,
possibly with boundary (see e.g. [2], [10], [15] for a detailed exposition).
When M is compact with finite fundamental group, the orbit space M/G
has exactly two boundary points which correspond to two singular orbits.
Denote by pi :M →M/G the standard projection and fix a normal geodesic
γ : [a, b]→M , i.e. a geodesic that meets every G-orbit orthogonally, so that
pi ◦γ is a homeomorphism between [a, b] ⊂ R and the orbit space M/G. The
stabilizers Gγ(t) with t ∈]a, b[ are all equal to a principal isotropy subgroup
K, while H1 = Gγ(a) and H2 = Gγ(b) are two singular isotropies both
containing K.
The normal isotropy representation νi maps Hi onto a linear subgroup
Ĥi ⊆ O(ki), where ki = codimG/Hi, which acts transitively on the unit
sphere Ski−1 ∼= Ĥi/K̂, where K̂ = K/ ker νi. In the following table, we re-
produce the well-known Borel’s list of the pairs (Ĥ, K̂) of connected compact
linear groups acting transitively on spheres.
bH SOn Un SUn SpnSp1 SpnU1 Spn G2 Spin7 Spin9
bK SOn−1 Un−1 SUn−1 Spn−1Sp1 Spn−1U1 Spn−1 SU3 G2 Spin7
bH/ bK Sn−1 S2n−1 S4n−1 S6 S7 S15
Table 1
Therefore the triple (H1,K,H2) is a so called admissible triple of sub-
groups, i.e. three subgroups such that K ⊆ H1, H2 and so that Hi/K,
i = 1, 2, is diffeomorphic to a sphere. Conversely, for any admissible triple
of subgroups of G one can construct a G-manifold M of cohomogeneity one
with singular and principal isotropy subgroups equal to the given triple (see
e.g. [10]). Two G-manifolds of cohomogeneity one are G-diffeomorphic if
and only if their associated triples are obtained one from the other by a
suitable combination of the following operations:
i) switch H1 and H2;
ii) conjugate every subgroup K,H1,H2 by the same element of G;
iii) conjugate H1 by an element of the normalizer NG(K)
o.
Let us denote by ξ a unit vector field defined on the open subsetMreg ⊂M
of regular points orthogonal to all G-orbits; Its integral curves are normal
geodesics. Any regular orbit G · p = G/K admits a tubular neighborhood
which is G-equivariantly isometric to the product ]a, b[×G/K, ]a, b[⊂ R,
endowed with the metric
g¯ = dt2 + gt,
where gt is a smooth family of G-invariant metrics on G/K and the vector
field ∂/∂t corresponds to ξ. The metrics gt can be described as follows: fix
an AdK-invariant decomposition g = k + m so that, for any t, gt can be
identified with an Adk-invariant scalar product on m. Therefore the family
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gt can be seen as a smooth map gt :]a, b[→ S2+(m)K into the space S2+(m)K
of AdK-invariant symmetric positively defined bilinear maps on m.
2.2. 6-dimensional NK manifolds. Given a NK manifold (M,g, J), we
denote by ω = g(J ·, ·) the associated Ka¨hler form.
We recall that
dω(X,Y,Z) = 3g((∇XJ)Y,Z), X, Y, Z ∈ X(M). (2.1)
Let us focus on the six dimensional non-Ka¨hler NK manifolds. We recall
that these manifolds are strict and Einstein with positive scalar curvature. In
particular they have finite fundamental group whenever complete. Moreover,
for their group of isometries the following holds ([12] Prop 3.1).
Lemma 2.1. If G is a connected group of isometries of a compact, non-
Ka¨hler NK manifold (M,g, J) of dimension six, then G preserves J unless
(M,g) is isometric to the standard sphere S6.
The following lemma is a generalization of the result in [5].
Lemma 2.2. A 6-dimensional compact, non-Ka¨hler, NK manifold (M,g, J)
admits no almost complex four-dimensional submanifold.
Proof. Let N ⊂ M be a 4-dimensional almost complex submanifold. In
[5], Lemmas 2, 3, it is proved that N , endowed with the induced Hermitian
structure, is Ka¨hler. This implies that for any X,Y ∈ X(N)
(∇XJ)Y = h(X,JY )− Jh(X,Y ), (2.2)
and
h(X,JY ) + h(JX, Y ) = 2Jh(X,Y ) (2.3)
where h denotes the second fundamental form. We select a point p ∈ N and
a unit vector v ∈ TpN such that
||h(v, v)||2 = max
w∈TpN ; ||w||=1
||h(w,w)||2 .
This implies that for every w ∈ TpN with g(v,w) = 0 we have
g(h(v, v), h(v,w)) = 0. Since we can also use Jv instead of v, for every
w ∈ TpN with g(Jv,w) = 0, we have g(h(Jv, Jv), h(Jv,w)) = 0. Using now
(2.3), for any w ∈ TpN with g(v,w) = g(Jv,w) = 0, we have
2g(Jh(v, v), h(v,w)) = −g(h(v, Jw), h(v, v)) − g(h(Jv,w), h(v, v)) =
= −g(h(v, Jw), h(v, v)) + g(h(Jv,w), h(Jv, Jv)) = 0.
Hence the normal vector h(v,w) is orthogonal to h(v, v) and Jh(v, v). These
two vectors span the normal space TpN
⊥ if h is not zero, hence h(v,w) = 0.
Similarly h(v, Jw) = 0. So, by (2.2), we have the existence of unit tangent
vectors v,w with g(v,w) = g(v, Jw) = 0 and (∇vJ)w = 0. On the other
hand, this is impossible, as 6-dimensional strict NK manifolds are of constant
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type ([8], Thm. 5.2), i.e. there is a positive constant α ∈ R such that for
every x, y ∈ Tq(M), q ∈M ,
||(∇xJ)y||2 = α
(||x||2||y||2 − g(x, y)2 − g(Jx, y)2) . 
We conclude describing known examples of cohomogeneity one actions
on 6-dimensional non-Ka¨hler NK manifolds. These are indeed the cases
considered in Theorem 1.1.
i) The sphere S6 has a G2-invariant NK structure and the subgroup
G = SO4 ⊂ G2 acts on S6 = G2/SU3 by cohomogeneity one. Us-
ing the fact that the corresponding action of SO4 on R7 = R3 + R4
acts on the summands R3 and R4 with the standard SO3- and SO4-
representations, one can see that the associated triple of this cohomo-
geneity one action on S6 is (SO3,T
1,U2). The subgroup SU3 ⊂ G2
also acts on S6 by cohomogeneity one with two isolated fixed points
and associated triple (SU3,SU2,SU3).
ii) The complex projective space CP 3 has a strict NK structure, invari-
ant by the standard Sp2-action on it. One can immediately check
that the diagonal subgroup G = Sp1 × Sp1 ⊂ Sp2 acts on CP 3 by
cohomogeneity one with associated triple (T1×Sp1,T1diag,Sp1×T1).
iii) The 3-symmetric space S3× S3 is homogeneous under the following
action of SU32: for any (g1, g2, g3) ∈ SU32 and (x1, x2) ∈ SU22 ∼= S3×S3
(g1, g2, g3) · (x1, x2) = (g1x1g−13 , g2x2g−13 ).
The group G = SU22, embedded in SU
3
2 by the homomorphism
(g, h) ∈ SU22 7−→ (g, h, g) ∈ SU32, acts on S3 × S3 by cohomogeneity
one with associated triple ((SU2)diag,T
1
diag, (SU2)diag).
3. Proof of Theorem 1.1
In all the following, (M,g, J) is a simply connected, compact, 6-
dimensional, non-Ka¨hler NK manifold and G acts almost effectively as a
group of isometries of (M,g) with principal orbit of codimension 1. By
Lemma 2.1 we can suppose that G preserves the almost complex structure
J . We fix a principal point p ∈ M and we denote K = Gp. We start with
the following:
Lemma 3.1. The subgroup K is isomorphic to a compact subgroup of SU2
and hence k is {0}, R or su2.
Proof. Since the NK structure is non-Ka¨hler, dωp 6= 0 and therefore K, that
preserves gp, Jp and dωp, must be a subgroup of SU3. Since it preserves also
the unit vector ξp, normal to the orbit G · p, and the vector Jξp, it follows
that K ⊆ SU2. 
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From Lemma 3.1 and the fact dim g − dim k = dimG · p = 5 for any
principal point p, we may easily determine the possibilities for the compact
Lie algebra g, namely:
– if k = {0}, then g = su2 + 2R or 5R;
– if k = R, then g = su2 + su2, su2 + 3R or 6R;
– if k = su2, then g = 2su2 + 2R, su2 + 5R or su3.
On the other hand, some of these possibilities can be immediately excluded.
First of all, the pairs (g,k)=(6R,R) and (su2+5R, su2) cannot occur, because
in those cases k would be an ideal of g, the principal isotropy would act
trivially on M and the action would not be almost effective. Secondly, the
pair (g,k)= (su2+su2+2R, su2) is not admissible because in this case the fixed
point set Tp(G · p)Ko is three dimensional and J-invariant, a contradiction.
Finally, also the pair (g,k)=(5R, {0}) can be ruled out. In fact, since g is
abelian, the two singular orbits should be both diffeomorphic to T4. SinceM
is the union of two disk bundles over the singular orbits, Seifert-VanKampen
theorem implies that pi1(M) is infinite, a contradiction. In addition we have
the following lemma.
Lemma 3.2. The pairs (g, k) = (su2 + 3R,R) and (su2 + 2R, {0}) are not
admissible.
Proof. Let (g, k) be (su2 + 3R,R). Note that the Lie algebra k has a non
trivial projection onto the su2 factor because otherwise it would be contained
in the center of g. Let S := G ·q be a singular orbit with isotropy subalgebra
gq = h ⊇ k. We denote by ν : h → o(TqS⊥) the slice representation and by
ko = ker ν|k ⊆ k.
The case ko = k = R cannot occur by the following arguments. Since
k = ko is an ideal of h, using Borel’s list we see that h/k is isomorphic to
R or su2. The latter is excluded because k would be in the centralizer of
su2, hence in the center of g. Therefore we have h ∼= 2R and h = k + ho
for some ho ⊂ z(g). Now, ho acts non trivially on the normal space to S,
while it acts trivially on the tangent space TqS because it is contained in
the center of g. Since the isotropy representation preserves J , the tangent
space TqS = (TqM)
ho is J- invariant. This means that the orbit S is almost
complex and four dimensional, which cannot be by Lemma 2.2.
Therefore ko = {0} and from Borel’s list, (h, k) = (so3,R) or (u2,R). This
implies that both singular orbits are diffeomorphic to tori, contradicting the
fact that M has finite fundamental group.
The case (g, k) = (su2+2R, {0}) can be ruled out using similar arguments.

Therefore the possible pairs (g, k) reduce to
(g, k) = (su2 + su2,R) or (g, k) = (su3, su2).
We now focus on the case g = su2+su2 and hence on almost effective actions
of G = SU2 × SU2.
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Lemma 3.3. If (g, k) = (su2 + su2,R), the Lie algebra k is, up to an auto-
morphism of g, diagonally embedded into a Cartan subalgebra of g.
Proof. We first observe that k ∼= R projects non trivially into each factor
su2. In fact if k is contained in some factor su2, then the fixed point set
MK
o
would be 4-dimensional and almost complex and this is not possible
by Lemma 2.2. Then there is a unique Cartan subalgebra t = pr1(k)⊕pr2(k)
containing k, where pri denote the projections onto the su2-factors. Consider
the B-orthogonal decompositions t = k + a and g = t + n1 + n2, with ni
contained in su2 factors, so that m = a+ n1 + n2.
Since the k-modules a, n1, n2 are mutually non equivalent, we have that
S2(m)Ad(K) is generated by B|a×a and B|ni×ni for i = 1, 2. According to the
remarks in §2.1, the metric g in a tubular neighborhood ]a, b[×G/K of the
principal orbit G · p = G/K is of the form
g = dt2 + f(t)2B|a×a+ h1(t)2B|n1×n1 + h2(t)2B|n2×n2 ,
where f, h1, h2 are smooth functions of t ∈]a, b[. We now claim that ∇J = 0,
contradicting the fact that the NK structure is non-Ka¨hler. In fact, we
observe that Λ3(TpM)
K is (R·ξ+â)⊗[Λ2(n̂1)+Λ2(n̂2)], where ξ = ∂∂t . Hence
the only possibly non zero component of the 3-form ψ = dω = 3g(∇J ·, ·)
are ψ(ξ, n̂i, n̂i) and ψ(â, n̂i, n̂i).
We show that ψ(ξ, n̂i, n̂i) = 0 and ψ(â, n̂i, n̂i) = 0, from which the con-
clusion will follow. To do this, we observe that J n̂i|γ(t) = n̂i|γ(t) and the
induced complex structure Jt ∈ End (ni)Ad(K) is constant since ni is two-
dimensional. Pick v,w ∈ ni with Jv̂ = ŵ along γ(t). Then
ψ(ξ, v̂, ŵ) = g(∇ξŵ, ŵ)− g(J∇ξ v̂, ŵ) =
= g(∇ξŵ, ŵ)− g(∇ξ v̂, v̂) = 1
2
d
dt
(g(ŵ, ŵ)− g(v̂, v̂)) = 0.
In order to prove that ψ(â, n̂i, n̂i) = 0, it is enough to note that ψ is J-
invariant and J â = R · ξ. 
By the previous lemma and Borel’s list, we see that a singular isotropy
subalgebra h ) k = R is either R2, (su2)diag or R + su2, up to conjugation.
We claim that the case h = R2 cannot occur. Indeed, if h = R2 we see that
the normal space to the singular orbit O is the fixed point set of Ko, hence
it is J-invariant. This means that O is almost complex and 4-dimensional,
contradicting Lemma 2.2.
We now claim that the admissible triple (H1,K,H2) of the cohomogeneity
one action consists of connected groups. Indeed, every singular orbit has
codimension greater than two and this implies that both singular orbits
are simply connected, since each of them is a deformation retract of the
complement of the other one. This implies that the two singular isotropy
subgroupsH1,H2 are connected. Since the sphere dimHi/K have dimension
greater than one, K is connected too.
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Hence the only possibilities of the triple (H1, K, H2) are, up to equiva-
lence,
– (T1 × SU2,T1diag,SU2 × T1);
– ((SU2)diag,T
1
diag,SU2 × T1);
– ((SU2)diag,T
1
diag, (SU2)diag),
which correspond to the examples CP 3, S6 and S3 × S3 of SU2 × SU2-
manifolds presented in §2.2.
We now deal with the case g = su3 and hence with almost effective ac-
tions of G = SU3. Looking at Borel’s list we see that a singular isotropy
subalgebra h containing k = su2 can be either h = su3 or h = su2⊕R. In the
latter case, the normal space of the singular orbit is the fixed point set of
the isotropy representation of Ko and the singular orbit would be an almost
complex 4-dimensional submanifold, which is impossible. Therefore both
singular isotropy subalgebras coincide with su3 = g and the singular orbits
are fixed points. This means that there is only one possible triple (H1, K,
H2), corresponding to the SU3-manifold S
6.
4. Proof of Theorem 1.2.
By Lemma 3.1 and following remarks, the only compact simple group,
acting by cohomogeneity one as group of automorphisms of the NK struc-
ture of 6-dimensional non-Ka¨hler NK manifold (M,g, J), is G = SU3 with
principal isotropy K = SU2.
Consider the B-orthogonal decomposition of g = su3 into irreducible k-
moduli g = k + a + n, where dim a = 1 and n ∼= C2 is the standard repre-
sentation space of SU2. Notice that [a, k] = 0 and [a, n] ⊂ n. Let also A ∈ a
so that Jo = ad(A)|n : n → n coincides with an AdK-invariant complex
structure on n.
By the observations in §2.1, the metric g in a tubular neighborhood I ×
G/K, I =]a, b[, of a principal orbit G · p = G/K is of the form
g = dt2 + h2B|a×a+ f2B|n×n, (4.1)
where h, f are positive functions in C∞(I) and where ∂/∂t is identified with
the unit vector field ξ, orthogonal to the G-orbits, and the curve (t, eK) ∈
I ×G/K is identified with the normal geodesic γ(t).
Recall that the space of AdK-invariant complex structures on n = C2 is
a 2-sphere, isomorphic to the unit sphere of the imaginary quaternions, i.e.
S =
{
3∑
i=1
aiJi :
∑
i
a2i = 1
}
where Ji are anticommuting complex structures with J1J2J3 = −Id. With
no loss of generality we may assume that J1 = Jo.
From K-invariance of J we immediately have the following.
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a) For any t, the vector Jξ|γ(t) is K-fixed in the tangent space Vt =
Tγ(t)(G · γ(t)) to the G-orbit G · γ(t), so that Jξ|γ(t) lies in the
linear span of Âγ(t). We set Jξ|γ(t) = u(t) · Â|γ(t) for some positive
u ∈ C∞(I);
b) J induces an AdK-invariant complex structure in n, say Jt, such that
for every v ∈ n we have Jv̂ = Ĵtv. By previous remarks,
Jt =
3∑
i
ai(t)Ji,
for some ai ∈ C∞(I) with
∑3
i=1 a
2
i = 1.
We want now to determine the equations that must be satisfied by the func-
tions h, f and ai’s, so that (g, J) is a NK structure. The next four lemmata
are devoted to the evaluation of all components of ∇J at the points of the
normal geodesic γ(t), by means of which we will immediately determine the
equations we are looking for.
Lemma 4.1. The vector field Jξ is of the form Jξ = uÂ with u2 = 1
4h2
and
the operators ∇·ξ and ∇·Jξ satisfy the following identities:
(1) ∇ξ|bn = f
′
f
Id.
(2) ∇ξξ = ∇ξJξ = 0, ∇Jξξ = h′h Jξ and ∇JξJξ = −h
′
h
ξ.
It follows that
(∇ξJ)ξ = (∇ξJ)Jξ = (∇JξJ)Jξ = (∇JξJ)ξ = 0 . (4.2)
Proof. The first claim follows immediately from previous remarks and from
1 = ||Jξ||2 = u2||Â||2 = 4u2h2. To see (1), observe that ∇ξ|bn can be
identified with an element of S2(n)AdK at any point γ(t), which is, by Schur’s
Lemma, of the form λ(t)Idn. So for every v ∈ n we have ∇bvξ = λv̂ for some
λ ∈ C∞(I) and the claim follows from
λf2B(v, v) = g(∇bvξ, v̂) = g(∇ξ v̂, v̂) =
1
2
(||v̂||2)′ = ff ′B(v, v).
To check (2), notice that ∇ξξ = 0 since ξ is the tangent vector to the normal
geodesic. Moreover, ∇ξJξ is K-invariant and hence it is in the span of ξ, Jξ.
Since g(∇ξJξ, ξ) = −g(Jξ,∇ξξ) = 0, we get ∇ξJξ = 0. Finally, since also
∇Jξξ and ∇JξJξ are K-invariant, the last equalities follows from Jξ = uÂ,
g(∇Jξξ, Jξ) = −g(∇JξJξ, ξ) and
g(∇Jξξ, Jξ) = u2g(∇ bAξ, Â) = u2g(∇ξÂ, Â) =
u2
2
(||Â||2)′ = 4u2hh′ .
Equalities (4.2) are direct consequence of (2). 
Lemma 4.2. At any point of the geodesic γ(t) and for any v ∈ n
(∇bvJ)v̂ =
(
uh2
2f2
a1 +
f ′
f
)
||v̂||2Jξ . (4.3)
10 FABIO PODESTA` AND ANDREA SPIRO
Proof. First of all, we claim that (∇bvJ)v̂|γ(t) has trivial orthogonal projec-
tions along Rξ|γ(t) and n̂|γ(t). Indeed, using Lemma 4.1 and the properties
that [ĝ, ξ] = 0, v̂ is a Killing vector field and adA |n = J1, we have
g(∇bvJv̂, ξ) = v̂ · g(Jv̂, ξ)− g(Jv̂,∇bvξ) = 0,
g(J∇bv v̂, ξ) = g(∇Jξ v̂, v̂) =
1
2
Jξ · ||v̂||2 = −1
2
u Â · ||v̂||2 = −u g([Â, v̂], v̂) = 0
and this implies g((∇bvJ)v̂, ξ)γ(t) = 0. On the other hand, since [n, n] ⊆ k+a,
we also have that g([v̂, n̂], n̂)γ(t) = 0 and hence g(∇bv v̂, n̂)γ(t) = 0. From
this, using Koszul’s formula, the fact that v̂, ŵ are Killing fields and setting
z = Jtv so that ẑ|γ(t) = Jv̂|γ(t), we have that for any w ∈ n
g((∇bvJ)v̂, ŵ)γ(t) = g(∇bvJv̂, ŵ)γ(t)+ g(∇bv v̂, Jŵ)γ(t) =
1
2
(Jv̂ · g(v̂, ŵ)) |γ(t) =
=
1
2
(ẑ · g(v̂, ŵ)) |γ(t) =
1
2
(g([ẑ, v̂], ŵ) + g(v̂, [ẑ, ŵ]))|γ(t) = 0 .
Hence, to obtain formula (4.3), we only need to compute g((∇bvJ)v̂, Jξ)|γ(t).
By Koszul’s formula and the fact that v̂ and Â are Killing and J-preserving,
g(∇bvJv̂, Jξ)γ(t) = u g(∇bvJv̂, Â)γ(t) =
u
2
(
Jv̂ · g(v̂, Â) + g([v̂, Â], Jv̂)
)
γ(t)
.
(4.4)
On the other hand, recalling that Jŵ|γ(t) =
∑
i aiĴiv|γ(t),
g([v̂, Â], Jv̂)γ(t) = −g([̂v,A], Jv̂)γ(t) = g(Ĵ1v,
∑
i
aiĴiw)γ(t) = a1 ||v̂||2
∣∣
γ(t)
,
while, setting z = Jtv =
∑
i aiJiv so that ẑ|γ(t) = Jv̂|γ(t),(
Jv̂ · g(v̂, Â)
)
γ(t)
=
(
ẑ · g(v̂, Â)
)
γ(t)
= −g([̂z, v], Â)γ(t) − g(v̂, [̂z,A])γ(t) =
= h2B(z, [A, v]) + f2B(v, [A, z]) =
= h2B(
∑
aiJiv, J1v)− f2B(J1v,
∑
aiJiv) =
(
h2
f2
− 1
)
a1||v̂||2
∣∣∣∣
γ(t)
.
From this and (4.4), we get
g(∇bvJv̂, Jξ) =
uh2
2f2
a1||v̂||2 . (4.5)
On the other hand, using Koszul’s formula once again,
g(J∇bv v̂, Jξ)|γ(t) = −
1
2
(||v̂||2)′
∣∣∣∣
γ(t)
= −ff ′B(v, v) = − f
′
f
||v̂||2
∣∣∣∣
γ(t)
(4.6)
and the coefficient of Jξ in (4.3) is obtained subtracting (4.6) from (4.5). 
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Lemma 4.3. At any point of the geodesic γ(t) and for any v ∈ n
(∇ξJ)v̂ =
3∑
i=1
a′iĴiv , (4.7)
(∇bvJ)ξ = −
h
4f2
Ĵ1v − f
′
f
Ĵtv. (4.8)
Proof. First of all, notice that the projections of (∇ξJ)v̂|γ(t) and (∇bvJ)ξ|γ(t)
along ξ|γ(t) or Jξ|γ(t) correspond to elements of (n∗)AdK = {0} and are
therefore trivial. Hence (4.7) is proved observing that for any w ∈ n
g((∇ξJ)v̂, ŵ)γ(t) = (g(Jv̂, ŵ)γ(t))′ − g(Jv̂,∇ξŵ)γ(t) + g(∇ξ v̂, Jŵ)γ(t) =
(Lemma 4.1)
= B
(
3∑
i=1
(f2ai)
′Jiv,w
)
+ 2
f ′
f
g(v̂, Jŵ)γ(t) =
=
1
f2
3∑
i=1
(f2ai)
′ g
(
Ĵiv, ŵ
)
γ(t)
− 2 f
′
f
g(Jv̂, ŵ)γ(t) =
3∑
i=1
a′i g
(
Ĵiv, ŵ
)
γ(t)
.
As for (4.8), we have
g((∇bvJ)ξ, ŵ)γ(t) = g(∇Jξ v̂−J∇bvξ, ŵ)γ(t) = u g(∇ bAv̂, ŵ)γ(t)−
f ′
f
g(Jv̂, ŵ)γ(t),
where, by Koszul’s formula,
g(∇ bAv̂, ŵ)γ(t) =
1
2
g([Â, v̂], ŵ)γ(t) −
1
2
g([ŵ, Â], v̂)γ(t) −
1
2
g([ŵ, v̂], Â)γ(t) =
=
f2
2
(B([v,A], w) − B([A,w], v)) − h
2
2
B([v,w], A) =
= −h
2
2
B(w, [A, v]) = − h
2
2f2
g(ŵ, Ĵ1v)γ(t) .
Therefore g((∇bvJ)ξ, ŵ)γ(t) = −g
(
uh2
2f2
Ĵ1v +
f ′
f
Jv̂, ŵ
)
γ(t)
and the claim fol-
lows from the fact that uh = 1/2 by Lemma 4.1. 
Lemma 4.4. At any point of the geodesic γ(t) and for any v ∈ n(∇ bAJ) v̂ = ( h22f2 − 1
)
̂[Jt, J1]v, (4.9)
(∇bvJ)Â =
h2
2f2
ĴtJ1v − f
′
uf
v̂. (4.10)
Proof. By the same arguments in the previous lemma, (∇ bAJ)v̂|γ(t) and
(∇bvJ)Â|γ(t) have non trivial components only along n̂. Now, for every w ∈ n,
using the fact that Â is Killing and J-preserving,
g((∇ bAJ)v̂, ŵ) = Â · g(Jv̂, ŵ)− g(Jv̂,∇ bAŵ) + g(∇ bAv̂, Jŵ) =
= g(∇bvÂ, Jŵ)− g(∇ bwÂ, Jv̂).
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For given t, we set x = Jtw so that g(∇bvÂ, Jŵ)γ(t) = g(∇bvÂ, x̂)γ(t). Then
g(∇bvÂ, Jŵ)γ(t) =
1
2
(
g([v̂, Â], x̂) + g([Â, x̂], v̂)− g(Â, [x̂, v̂])
)
γ(t)
=
=
1
2
(2f2 − h2)B([A, v], Jtw) =
(
h2
2f2
− 1
)
g(ĴtJ1v, ŵ)γ(t) . (4.11)
Similarly, one finds that g(∇ bwÂ, Jv̂)γ(t) =
(
h2
2f2
− 1
)
g(Ĵ1Jtv, ŵ)γ(t), so that
g((∇ bAJ)v̂, ŵ)γ(t) =
(
h2
2f2
− 1
)
g( ̂[Jt, J1]v, ŵ)γ(t) ,
which implies (4.9). As for (4.10), the following holds at the points γ(t)
g((∇bvJ)Â, ŵ) = v̂ · g(JÂ, ŵ)− g(JÂ,∇bvŵ)− g(J∇bvÂ, ŵ) =
= −g([v̂, Â], Jŵ)− g(JÂ,∇ bwv̂) + g(∇bvÂ, Jŵ) =
= g(J [̂A, v], ŵ) + g(ŵ,∇
J bA
v̂) + g(∇bvÂ, Jŵ)
(by (4.11) and J bA|γ(t)=− 1u ξ|γ(t))=
=
h2
2f2
g(ĴtJ1v, ŵ)− 1
u
g(ŵ,∇ξ v̂) (Lemma 4.1)= h
2
2f2
g
(
ĴtJ1v − f
′
uf
v̂, ŵ
)
. 
We can now insist the condition that (∇XJ)X = 0. By G-invariance and
Lemmata 4.1 - 4.4, we obtain that (g, J) is NK if and only if f , h and ai are
solutions of the equations:
h
4f2
a1 +
f ′
f
= 0 , a′i −
f ′
f
ai − h
4f2
δi1 = 0 for i = 1, 2, 3 , (4.12)
aj
(
3h2
2f2
− 2
)
= 0 for j = 2, 3 , a21 + a
2
2 + a
2
3 = 1 (4.13)
(we used the equalities uh = 12 , J1J2 = J3 and J3J1 = J2). Moreover,
Lemma 4.5. If the NK structure is non-Ka¨hler (hence strict), then h
f
= 2√
3
.
Proof. From (4.13), if h(to)
f(to)
6= 2√
3
for some to, then a2(t) = a3(t) = 0 and
a′i = 0 on some open neighborhood Io ⊂ I of to. By (4.7) and (4.9), it
follows that (∇ξJ)(n̂) = 0 = (∇ bAJ)(n̂) and dω = 3g(∇J ·, ·) vanishes when
restricted to Rξ × n̂ × n̂ and RÂ × n̂ × n̂. As pointed out in the proof of
Lemma 3.3, the invariance under the isotropy representation implies that
dω is identically 0 on γ(Io), contradicting the hypotheses. 
Finally, observe that when i = 2, 3 the equations (4.12)2 are equivalent
to say that there exist non zero real constants k, k˜ such that
a2 = kf , a3 = k˜f .
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By a suitable rotation in the plane spanned by J2, J3, we can always assume
that k˜ = 0. So using this and the previous lemma, the system of equation
characterizing the non-Ka¨hler NK structures becomes
a1 +
√
12f ′ = 0 , a2 = kf , a3 = 0 , h =
2√
3
f , (4.14)
(f ′)2 − ff ′′ − 1
12
= 0 , 12(f ′)2 + k2f2 = 1 , (4.15)
which shows that any G-invariant NK structure is completely determined
by the function f and the constant k that solve (4.15). The solutions of
(4.15) are of the form
f(t) = A cos( k√
12
t) +B sin( k√
12
t)
(A2 +B2)k2 = 1
(4.16)
for some real constants A,B. Under the change of parameter
u = kt− arcsin(kB)
√
12
any function (4.16) becomes of the form
f(u) =
1
k
cos
(
u√
12
)
and, at the points of γ(t), the corresponding metric g is
g =
1
k
(
du2 + cos2(
u√
12
) B|a×a+ 4
3
cos2(
u√
12
) B|n×n
)
.
This means that, up to homotheties, there is a unique non-Ka¨hler SU3-
invariant NK structure on neighborhoods of regular orbits. This uniqueness
property implies that such NK structure coincides with the standard non-
Ka¨hler SU3-invariant NK structure of S
6 described in §2.
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